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problem, we obtained the following upper and lower bounds on the
volume of 8 :

9:070e¡2 · Vol. 8 / · 9:152e¡2 (8)

and the following bounds on the volume of 8 Q :

5:254e¡2 · Vol. 8 Q / · 5:466e¡2 (9)

Therefore the ratio of the volume of E to 8 Q was found to be
bounded as

68:52% ¸ Vol.EP /

Vol. 8 Q /
¸ 65:86% (10)

and the ratio of the volumes of 8 Q to 8 was found to be boundedas

60:3% ¸ Vol. 8 Q /

Vol. 8 /
¸ 57:40% (11)

This ratio may be compared with a comparable volume ratio of
67:1% using the methods proposed by Bordignon and Durham13

(an 11% difference in volume). Since the volumes represent dis-
tances cubed, the 57:43% and 67:1% volume ratios approximately
represent distance ratios of 83:12% and 87:55%. This is a differ-
ence of 5:3%. Although the presented method does not achieve
the same level of performance as earlier methods13 (at least in the
given numerical example), it still has desirable features: Because it
is the solution to a semide� nite, convex optimization program, its
resolution time is very predictable ahead of time, which might be
of interest to on-line recon� guration, or as a � rst guess for existing
methods.13

IV. Conclusions
In this Note, we have considered the control surface allocation

problemin the case when the surfaceallocationis limited to be a lin-
ear mapping from moment space to control space. We have shown
that an approach to that problem based on ellipsoid volume maxi-
mizationcan be easily recastas a convexoptimizationproblem.This
method has been applied to a numerical model of the F-18 HARV
and has been compared with other approaches. The convex nature
of the optimization problem under consideration makes it possible
to incorporatethe proposed procedure in a real-time aircraft control
allocation recon�guration in the event of damaged control surfaces.
The by-products of the optimization procedure (especially the re-
sulting ellipsoids) may be used in other proposed surface allocation
procedures as well.
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New Constraint Stabilization
Technique for Dynamic Systems
with Nonholonomic Constraints
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Introduction

I N the last two decades, computer simulation of multibody dy-
namic (MBD) systemshas enjoyedsubstantialprogressto design

and analysis engineering problems such as robot arm manipula-
tors and space vehicles. In general, the dynamic equations of MBD
systems with holonomic and/or nonholonomic constraints can be
derived and expressed in a set of differential algebraic equations
(DAEs). Because the solution procedureof DAEs suffer drawbacks
such as constraint violation and numerically stiff in the computer
implementation, these have motivated researchers to look for al-
ternative solution procedures that overcome the preceding dif� cul-
ties.Conventionalnonholonomicconstraintstabilizationtechniques
such as the stabilization technique by Baumgarte,1;2 the penalty
method by Orlandea et al.3 and Lötstedt4 and the penalty staggered
stabilizedprocedureby Park and Chiou5 are developedto correct the
constraint forces during the process of numerical integration.How-
ever, these techniquesrequireone to choosesuitablestabilizationpa-
rameters for their different applications.In general,differentparam-
eters will cause different results in correcting constraint violations.
Moreover, the simulated DAE will become numerically unstable
if inappropriate parameters are chosen. To obtain a parameter-free
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numerical simulationenvironment,a stabilizationtechnique that re-
quires no stabilizationparameter is proposed.The technique that is
based on so-called velocity correctionmethod is used to correct the
constraint errors effectively and ef� ciently.

Equations of Motion of Dynamic Systems
with Nonholonomic Constraints

In general, the equations of motion for dynamical systems with
nonholonomic constraints can be derived and expressed in various
forms dependingon the method used to describe the systems. Here,
the equations of motion of dynamic systems with nonholonomic
constraints are expressed as5

M Rq C BT ¸ D F (1)

8nh.q; Pq; t/ D B Pq C c.q; t/ D 0 (2)

where M denotes the mass matrix of the system; q are the gener-
alized coordinate components; ¸ is the Lagrange multiplier; B is
the Jacobian matrix of the constraint equations; F consists of the
applied force, the centrifugal,Coriolis acceleration,and the internal
spring force; and 8nh are the nonholonomicconstraints.

Baumgarte Constraint Stabilization Technique
Because the solution procedure of Eqs. (1) and (2) suffer var-

ious drawbacks such as constraint violation in the computer
implementation,3;4 motivated researchers such as Baumgarte are
looking for alternative solution procedures that can overcome these
drawbacks. In the Baumgarte technique, one replaces Eq. (2) by

P8nh C ° 8nh D 0 (3)

where ° are real numbers that needed to be determined.Substituting
Eq. (3) into Eq. (2) and replacing Rq from theequationsofmotion, the
Lagrangemultiplier for nonholonomicis obtained.As the numerical
integrationproceeds, the constraintsmay be violated because of the
local truncationerror of the employedintegrators.In such a case, the
constraint violation is ampli� ed by the chosen stabilizationparam-
eter ° and feedback to Eq. (3). Note that for different stabilization
parameters, different constraint errors occurred in simulating MBD
systems. Furthermore, the simulated dynamic system may become
numerically unstable if an inappropriateparameter ° is chosen.

Velocity Correction Method
The Baumgarte technique stabilizes the constraint error by cor-

recting the Lagrange multipliers (or constraint forces). They en-
counter the same drawback: the constraint error does not equal zero
exactly. To overcome this drawback, a new stabilizationprocedure
called the velocity correction method is proposed. The basic con-
cept of the present method is motivated by the principle of energy
conservation that is given as follows:

H .q; Pq/ D 1
2

PqT M Pq C U .q/ D H0 (4)

where H .q; Pq/ de� ne a system energy function and H0 is the initial
energy. One can use the following equation to update velocity and
preserve the system energy exactly:

PQq D
H0 ¡ U .q/

1
2

PqT M Pq
Pq (5)

Combining Eqs. (4) and (5), one obtains

H .q; Pq/ D 1
2

PQqT M PQq C U .q/ D H0 (6)

The same techniquecan also be applied to stabilizedynamic system
with nonholonomicconstraints.To develop the proposed technique,
we assume that Ct D 0, which yields

8nh D B Pq D 0 (7)

Numerically speaking, Eq. (7) is not always satis� ed. In fact, be-
causeof the truncationerror of employed integrators,Eq. (7) always
yields a constraint error, ».t/, i.e.,

8nh D B Pq D ».t/ (8)

where ».t/ dependson the employedintegrators,the integrationstep
size, and the stabilization procedure. If Eq. (7) is used to stabilize
the constraint errors, ».t/ will diverge because of the numerical
truncation errors. Now, if we assume that the constraint errors are
caused by the velocity truncation errors, then we conclude that the
corrected velocities PQq are the summation of the calculated velocity
Pq and the truncation error of velocity Pq e:

PQq D Pq C Pqe (9)

The object of the present technique is to satisfy the following equa-
tion:

B PQq D 0 (10)

Substituting Eq. (9) into Eq. (8), one obtains

B. PQq ¡ Pq e/ D ».t/ (11)

Combining Eqs. (10) and (11) yields

B Pqe D ¡».t/ (12)

The minimumnormsolutionof Eq. (12) canbeobtainedas follows6:

Pqe D ¡BT .B BT /¡1».t/ (13)

Substituting Eq. (8) into Eq. (13) and combining Eq. (9), we have

PQq D Pq C Pqe D [I ¡ BT .B BT /¡1 B] Pq (14)

For the general case of nonholonomic constraint,

8nh D B Pq C ct D 0 (15)

Following the procedure from Eq. (7) to Eq. (14), the correcting
velocity can be derived as

PQq D Pq ¡ BT .B BT /¡1.B Pq C ct / (16)

Remark 1: No matter what the integratorsand integrationstepsize
used, the constraint error is always equal to the machine constant.

Remark 2: If the simulated dynamic system is an energy con-
serving system, we can combine Eq. (14) and Eq. (5) to stabilize
nonholonomic constraint and energy constraint, i.e.,

PQq D Pq C Pqe D [I ¡ BT .B BT /¡1 B] Pq (17a)

POq D
H0 ¡ U .q/

1
2

PQqT M PQq
PQq (17b)
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where POq is the � nal computed velocity vector that preserves the
energy constraint. To justify the proposed constraint stabilization
techniquefor a dynamic system with nonholonomicconstraints, the
following numerical example is given.

Numerical Example: Rolling Wheel
with Steering and Driving Inputs7

Let x and y denote the coordinates of the point of contact of the
wheel on the plane, let Á denote the heading angle of the wheel,
measured from the x axis, and let µ denote the rotation angle of the
wheel because of rolling, measured from a � xed reference. Let u1

denote the applied torque about the rolling axis of the wheel and
let u2 denote the applied torque about the vertical axis through the
point of contact.

The equations of motion of the present example is characterized
by the following matrices, constraints, and input forces:

M D diag[1; 1; 1; 1]; q D [x y µ Á]T

B D
1 0 ¡cos Á 0

0 1 ¡sin Á 0
; F D [0 0 u1 u2]T

u1 D 2 cos.t/; u2 D sin.t/

The initial conditions are given as

x.0/ D 0; y.0/ D 0; Á.0/ D ¡1; µ .0/ D 0

Px.0/ D 0; Py.0/ D 0; PÁ.0/ D 0; Pµ .0/ D ¡1

The Adams–Bashforth third-order (AB-3) integration method is
used in the simulations with step size h D 0:01 s. The starting pro-
cedure of AB-3 is resolved by using Runge–Kutta forth-order in-
tegration. Figures 1 and 2 illustrate the numerical performances of
the Baumgarte technique and the velocity correction method. The
stabilizationparameters for the Baumgarte technique are chosen to
be ° D 5 and ° D 50 (optimal8), respectively. As shown in Fig. 1,
by using these parameters, the 2 norm of constraint errors are os-
cillating within a speci� c interval. (The interval is dependent on
the stabilization parameter and integration step size.) In Fig. 2, we
observe that the constraint error for the velocity correction method
is almost equal to machine constant. In comparing Figs. 1 and 2,
it should be pointed out that the constraint error of the Baumgarte
technique can be improved with a different choice of ° and that the
nice feature of the proposed method is merely a result of enforcing
the minimum norm solution of the constraint error equation. Al-
though not reported here, different types of integration algorithms
were also conducted to examine the effectiveness of the proposed
method. Similar results, as shown in Figs. 1 and 2, were obtained.

Fig. 1 Calculated constraint error using the Baumgarte technique.

Fig. 2 Calculated constraint error using the velocity correction
method.

Thus, we conclude that the velocity correction method is more ef� -
cient than the Baumgarte technique.

Conclusion
A new constraint stabilization technique, based on the velocity

correctionmethod, is proposed for solving MBD systems with non-
holonomic constraints. The technique is based on the assumption
that the numerical errors occurred in updating both the nonholo-
nomic constraint equation and the numerically integrated veloc-
ity. By propagating the velocity errors into a nonholonomic con-
straintequation,a modi� edvelocityvectorthat consistsof constraint
Jacobian matrix and original calculated velocity is obtained. Un-
like the conventional constraint stabilization technique, the present
methoddoes not requireone to chooseparameters that greatlyaffect
the performancein simulatingMBD systems. A computationalpro-
cedure based on this � nding is developed to suppress the constraint
violation during the process of numerical integration. A numerical
example indicated that the constraint errors of nonholonomic con-
straint are closed to the machine constant for the several chosen
numerical time integrators.
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